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ON THE CONVERGENCE OF AXIALLY SYMMETRIC VOLUME PRESERVING
MEAN CURVATURE FLOW
MARIA ATHANASSENAS AND SEVVANDI KANDANAARACHCHI
ABSTRACT. We study the convergence of an axially symmetric hypersurface evolving by volume-
preserving mean curvature flow. Assuming the surface is not pinching off along the axis at any time
during the flow, and without any additional conditions, as for example on the curvature, we prove
that it converges to a hemisphere, when the hypersurface has a free boundary and satisfies Neumann
boundary data, and to a sphere when it is compact without boundary.
1. INTRODUCTION
Consider n-dimensional hypersurfaces Mt, defined by a one parameter family of smooth immer-
sions xt : Mn → Rn+1. The hypersurfaces Mt are said to move by mean curvature, if xt = x(·, t)
satisfies
(1.1) d
dt
x(p, t) = −H(p, t)ν(p, t), p ∈Mn, t > 0 .
By ν(p, t) we denote a designated outer unit normal of Mt at x(p, t) (outer normal in case of
compact surfaces without boundary), and by H(p, t) the mean curvature with respect to this normal.
If the evolving compact surfaces Mt are assumed to enclose a prescribed volume V the evolution
equation changes as follows:
(1.2) d
dt
x(p, t) = − (H(p, t)− h(t)) ν(p, t), p ∈Mn, t > 0,
where h(t) is the average of the mean curvature,
h(t) =
∫
Mt
Hdgt∫
Mt
dgt
,
and gt denotes the metric on Mt. The surface area |Mt| of the hypersurface is known to decrease
under the flow (see [2]).
We are interested in an axially symmetric surface, which encloses the volume V , and which has
a nonempty boundary contained in a plane Π that is perpendicular to the axis of rotation. Motivated
by the fact that the stationary solution to the associated Euler Lagrange equation satisfies a Neumann
boundary condition, we also assume the surface to meet that plane Π at right angles along its
boundary. Assuming the surface to be smooth, it will also intersect orthogonally the axis of rotation.
We consider the case where the surface will not pinch-off along the axis of rotation during the
flow, having only one intersection with that axis at the point that is the furthest from the supporting
plane Π, and prove that the surface converges to a halfsphere.
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The methods we use also apply in the case of an axially symmetric surface without boundary
having a similar lower height bound, and in that case we prove in Section 8 that the flow converges
to a sphere.
The results in this paper make use of the axial symmetry, and no additional conditions on the
curvature of the surface are assumed. Converge to spheres has been previously proved for the
volume flow by Huisken in [7], for compact, uniformly convex initial surfaces; and in [10], Li
assumes bounds on the traceless second fundamental form.
Our results can be seen as complementing the work of the first author in [2, 3], and the second
author’s work on her PhD dissertation: In the case of the surface behaving like a “bridge” between
two parallel surfaces, if one were able to flow through singularities, the axially symmetric volume-
preserving flow would converge to a number of spheres and (possibly) two hemispheres on the
parallel planes, like beads strung along the axis of rotation.
2. NOTATION, DEFINITIONS AND ASSUMPTIONS
In the case of the surface Mt intersecting the obstacle Π, we will at different stages divide it into
two parts as in [1]: one adjacent to the plane and the remainder that contains the (only) intersection
with the axis of rotation.
Let Π = {(x1, . . . , xn+1) ∈ Rn+1 : x1 = 0} and Mt be contained in the right halfspace,
Mt ⊂ {x1 > 0}. We use Rt as the generic notation for the part of the surface closest to the plane,
and Ct for the rest - the cap that intersects the axis of rotation - , and we will introduce various
superscripts depending on the situation that will be made clear in the text.
We denote by P (t) = (d(t), 0) the “pole”: the point of intersection of Mt with the axis of
rotation. We assume that there are no singularities developing, so that P (t) is the only point of
intersection of Mt with the axis of rotation for all time. We are interested in those solutions where
the generating curve of the initial hypersurface is smooth and can be written as a graph over the x1
axis except at the pole.
We use the notation
ρt : [0, d(t)] → R
for the radius function of the surface of revolution.
Let i1, · · · , in+1 be the standard basis in Rn+1 and i1 be the direction of the axis of rotation. We
denote the quantities associated with the cap with a tilde ˜, and in this context we work with the
vertical graph equation.
Furthermore we define the following quantities on Mt:
Let ω = xˆ|xˆ| ∈ Rn+1 , xˆ = (0, x2, . . . , xn+1), denote the outer unit normal to the cylinder intersect-
ing Mt at the point x(p, t). We call u = 〈x, ω〉 the height function of Mt, and set v = 〈ν, ω〉−1.
Note that v corresponds to
√
1 + ρ˙2, and will be used to obtain gradient estimates.
The respective quantities on the cap Ct are the height measured from the plane Π, u˜ = 〈x, i1〉, and
v˜ = 〈ν, i1〉−1.
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We cut the hypersurface in two regions using the plane Lα(t), which is parallel to Πwhere 〈ν, i1〉 |Lα(t)∩Mt=
1/α , with α being a constant. We define the cap, determined by the inclination angle, as the con-
nected component of Mt containing the pole P
Cαt =
{
x(p, t) ∈Mt : 1
α
< 〈ν, i1〉 ≤ 1
}
,
and we call Rαt = Mt\Cαt the cylindrical part of the surface. Note that Lα(t) is chosen such that
the specific inclination angle is achieved nowhere else between that plane and the pole P (t). As
long as the flow is smooth, Cαt is by definition a graph over the x1 axis except at the pole.
Assumption 2.1. We assume for any α > 1 there exists a constant c(α) > 0 depending only on α
such that u |Rαt > c(α) , i.e we assume a lower height bound in Rαt , independent of time, dependent
on α .
Thus P (t) is the only point of intersection of Mt with the axis of rotation for all time. The assump-
tion prevents singularities developing on the axis of rotation.
For an axially symmetric surface the mean curvature is given by
H = − ρ¨
(1 + ρ˙2)
3
2
+
n− 1
ρ(1 + ρ˙2)
1
2
,
while the principal curvatures are k = − ρ¨
(1+ρ˙2)
3
2
and p = 1
ρ
√
1+ρ˙2
. We also introduce another
quantity q = 〈ν, i1〉u−1 such that in particular p2 + q2 = u−2.
3. HEIGHT ESTIMATES
In this section we prove that Mt satisfies uniform height bounds: both, the height function u
as defined above, and also the height when measured as distance from the obstacle Π, i.e. u˜, are
bounded.
Lemma 3.1. The evolving surfaces Mt satisfy the uniform height bound
u < R =
( |M0|
ωn
) 1
n
.
Proof. We follow a method as in [2] in getting bounds for u. Assume there exists an R such
that uMt ≥ R at some given time t. Since the surface area is decreasing under the flow, and by
comparing to the projection of the surface onto the plane, we have
|M0| ≥ |Mt| > ωnRn,
where ωn is the volume of the n dimensional unit ball. Therefore
R >
( |M0|
ωn
) 1
n
would contradict the fact that the evolution decreases the surface area. 
Lemma 3.2. There is a constant l such that the evolving surfaces Mt satisfy the height bound
u˜ ≤ l ,
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that is the distance from the plane Π is uniformly bounded.
b
θ
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u
d(t)
bb
FIGURE 1. The cylinder of radius c(α).
Proof. Here α = 1cos θ , and
Cαt =
{
x(p, t) ∈Mt : 1
α
< 〈ν, i1〉 ≤ 1
}
,
and Rαt = Mt\Cαt . From the Assumption 2.1, we know that u > c(α) in Rαt . As u |∂Cαt ≤ R and
|ρ′| ≥ tan (pi2 − θ) = 1√α2−1 in Cαt we have
d(t)− u˜ |∂Cαt ≤ R tan θ = R
√
α2 − 1 .
Assume there exists a length l1 such that u˜ |Rαt > l1. Then
|M0| ≥ |Mt| > nωncn−1(α)l1 ,
where now we compared |Mt| to the surface area of an n dimensional cylinder of radius c(α) and
length l1. Having l1 > |M0|nωncn−1(α) would contradict the fact that the evolution decreases the surface
area. Therefore
u˜ <
|M0|
nωncn−1(α)
+R
√
α2 − 1 =: l .

Next we show that the length of the generating curve is bounded.
Lemma 3.3. Assume Mt to be a smooth, rotationally symmetric hypersurface, with a radius func-
tion ρ(x1, t) > 0 for x1 ∈ [0, d(t)). Then there exists a constant c∗, such that∫ d(t)
0
√
1 + ρ′2 dx1 ≤ c∗ ,
independent of time.
Proof. Let us divide Mt into Rαt and Cαt for any α > 1. As the surface area is decreasing under the
flow
|Mt| ≤ |M0| ,
2pi
∫ d(t)
0
ρn−1
√
1 + ρ′2 dx1 ≤ |M0| ,
2pi
∫ Lα(t)
0
ρn−1
√
1 + ρ′2 dx1 ≤ 2pi
∫ d(t)
0
ρn−1
√
1 + ρ′2 dx1 ≤ |M0| .
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From the Assumption 2.1
2picn−1(α)
∫ Lα(t)
0
√
1 + ρ′2 dx1 ≤ |M0| ,
∫ Lα(t)
0
√
1 + ρ′2 dx1 ≤ |M0|
2picn−1(α)
.
We can estimate the length of the generating curve of the cap Cαt by l +R. Therefore∫ d(t)
0
√
1 + ρ′2 dx1 ≤ |M0|
2picn−1(α)
+ l +R =: c∗ .

We now derive an a priori estimate for h(t) for any solution of the graphical equation.
4. ESTIMATES ON h
Lemma 4.1. Assume Mt to be a smooth, rotationally symmetric hypersurface, with a radius func-
tion ρ(x1, t) > 0 for x1 ∈ [0, d(t)). Then there is a constant c1 such that 0 ≤ h(t) ≤ c1 throughout
the flow.
Proof. Following [3] we parametrize Mt by its radius function ρ ∈ C∞([0, d(t))), then clearly
H = − ρ¨
(1 + ρ˙2)
3
2
+
n− 1
ρ(1 + ρ˙2)
1
2
.
From Lemma 3.3, we know that
∫ d(t)
0
√
1 + ρ˙2dx1 ≤ c∗. Our proof follows the ideas of [2] the
difference being the boundary term when integrating by parts. For the sake of completeness we will
include it here. For the second term of
h(t) =
1
|Mt|
∫
Mt
(k + (n− 1)p)dgt, t ∈ [0, T ) ,
we have
0 ≤ n− 1|Mt|
∫ d(t)
0
ρn−2(x1, t)dx1 ≤ (n− 1)R
n−2l
|Mt| ,
since ρ ≤ R and d(t) ≤ l by Lemma 3.1 and 3.2.
For the first term note that ρ¨
(1+ρ˙2)
= ddx1 (arctan ρ˙). Therefore∫
Mt
kdgt = −
∫ d(t)
0
d
dx1
(arctan ρ˙)ρn−1dx1
= (arctan ρ˙)ρn−1 |x1=0 −(arctan ρ˙)ρn−1 |x1=d(t) +(n− 1)
∫ d(t)
0
(arctan ρ˙)ρ˙ρn−2dx1(4.1)
= (n− 1)
∫ d(t)
0
(arctan ρ˙)ρ˙ρn−2dx1 ,
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as arctan ρ˙ = 0 when x1 = 0, and ρ(d(t)) = 0 at the pole. As 0 ≤ (arctan ρ˙)ρ˙ ≤ pi2 |ρ˙| ≤
pi
2
√
1 + ρ˙2 we obtain
0 ≤ 1|Mt|
∫
Mt
kdgt ≤ (n − 1)|Mt|
pi
2
∫ d(t)
0
√
1 + ρ˙2ρn−2dx1
≤ (n − 1)R
n−2
|Mt|
pi
2
∫ d(t)
0
√
1 + ρ˙2dx1
≤ (n − 1)c∗R
n−2
|Mt|
pi
2
,
where we have used Lemma 3.3.
From the isoperimetric inequality and the fact that the flow decreases surface area we know that
V
n
n+1 < c|Mt| ≤ c|M0|.
Hence combining these arguments we conclude
0 ≤
∫
Hdg∫
dg
≤ c1.

5. EVOLUTION EQUATIONS AND GRADIENT ESTIMATES
The maximum principle for non-cylindrical or time dependent domains is discussed in [9]. We
use that version of the maximum principle in this paper.
Lemma 5.1. We have the following evolution equations:
(i) ( ddt −∆)u = hv − n−1u ;
(ii) ( ddt −∆) u˜ = hv˜ ;
(iii) ( ddt −∆) v = −|A|2v + (n− 1) vu2 − 2v |∇v|2 ;
(iv) ( ddt −∆) v˜ = −|A|2v˜ − 2v˜ |∇v˜|2 ;
(v) ( ddt −∆)H = (H − h)|A|2 ;
(vi) ( ddt −∆) |A|2 = −2|∇A|2 + 2|A|4 − 2hC ;
(vii) ( ddt −∆) p = |A|2p+ 2q2(k − p)− hp2 ;
(viii) ( ddt −∆) k = |A|2k − 2(n − 1)q2(k − p)− hk2 ;
where C = gijgklgmnhikhlmhnj , with gij denoting the components of the inverse of the first fun-
damental form, and hij those of the second fundamental form.
Proof. (i) and (iii) are proved in [2], (v) and (vi) are in [7].
(ii) For u˜ = 〈x, i1〉 we have
d
dt
u˜ =
〈
d
dt
x, i1
〉
= −(H − h)〈ν, i1〉 ,
and
∆u˜ = 〈∆x, i1〉 = −H〈ν, i1〉 ,
so that (
d
dt
−∆
)
u˜ = h〈ν, i1〉 .
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(iv) For v˜ = 〈ν, i1〉−1 we have
d
dt
v˜ = −v˜2
〈
d
dt
ν, i1
〉
= −v˜2〈∇H, i1〉 .
The evolution equation follows from the following well known identity (see for example [5])
∆v˜ = −v˜2〈∇H, i1〉+ v˜|A|2 + 2v˜−1∇v˜2 .
Following the same way as in [8], for (vii) we have ,
d
dt
p =
d
dt
(u−2 − q2)1/2
= ∆p+ p−1|∇p|2 + p−1|∇q|2 − 3p−1u−4|∇u|2 + p−1u−4
− qp−1 (|A|2q + q (p2 − q2 − 2kp))− hu−2 + hq2 .
Equation (vii) follows from the following relations:
∇iu = δi1qu , ∇1 〈ν, i1〉 = kpu , ∇iq = δi1(q2 + kp) ,(5.1)
∇ip = δi1q(p− k) , |A|2 = k2 + (n− 1)p2 , u−4 = p4 + 2p2q2 + q4 .(5.2)
The evolution equation for H was derived in [7] , and (viii) follows from (v), (vii), and the fact that
H = k + (n − 1)p. 
We proceed to obtain gradient estimates in the different parts of the surface: for the cap using
the vertical graph equation and part (iv) from above Lemma 5.1, and for the cylindrical part away
from the cap, using the evolution equation (iii) in Lemma 5.1.
The quantities u˜ and v˜ are used on the cap.
Lemma 5.2. The gradient estimate
v˜ ≤ α
holds on the cap Cαt . In addition there is a constant c2(α), such that
v ≤ c2(α)
for the cylindrical part Rαt .
Proof. Note that (
d
dt
−∆
)
v˜ ≤ 0 ,
so that by the maximum principle v˜ ≤ max(maxCα
0
v˜,max∂Cαt v˜). By definition in C
α
t we have
v˜ ≤ α, and this is supported by the evolution equation!
From the assumption we know that u > c(α) in Rαt . As in ([2], Proposition 4) we calculate,(
d
dt
−∆
)
u2v = −|A|2u2v + (n− 1)v + 2uh− 2(n− 1)v − 2v|∇u|2
− 2
v
∇v∇(u2v)
≤ 2hu− (n− 1)v .
8 MARIA ATHANASSENAS AND SEVVANDI KANDANAARACHCHI
If v > 2c1Rn−1 the right hand side is negative, and proceeding as in [2] we conclude v ≤ c2(α) in Rαt .
It is important to note that on the boundary of Rαt , either v = 1 (along the intersection with Π), or
v = α√
α2−1 . Thereby, we have bounds for v and v˜ in R
α
t and Cαt respectively. 
Remark 5.3. These gradient bounds guarantee that Rαt remains a graph. As Rαt remains a graph
for all α > 1, we see that Mt\P (t) remains a graph as well.
As the height of the graph is bounded, for the minimum d(t) we find a lower bound from
V =
∫ d(t)
0
ωnρ
n(x)dx1 ≤ ωnRn
∫ d(t)
0
dx1 = ωnR
nd(t) .
Lemma 5.4. Let x0(t) be a boundary point of C
√
2
t , which without loss of generality we can assume
to lie on the generating curve and such that 〈ν(x0(t)), i1〉 = 1√2 (with some abuse of notation for
the corresponding normal ν(x0(t))). Then H(x0(t)) ≥ 0 for 0 ≤ t ≤ Tmax ≤ ∞.
b
b
pi
4 i1
ν
a(t)
x0(t)
x1(t)
b(t)
x1
u
d(t)
b
FIGURE 2. x0(t) - the boundary point of C
√
2
t .
Proof. Suppose H(x0(t)) < 0, then by continuity there is a connected region C
√
2,H−
t ⊂ C
√
2
t , with
x0(t) ∈ ∂C
√
2,H−
t , which clearly can be chosen to be axially symmetric, and such that H |C√2,H−t <
0. Let x1(t) denote the other boundary point along the generating curve in C
√
2,H−
t ⊂ C
√
2
t , and let
a(t) = 〈x0(t), i1〉, b(t) = 〈x1(t), i1〉 denote the x1 coordinate of x0(t), x1(t), respectively. Then
0 >
∫
C
√
2,H−
t
Hdg =
∫ b(t)
a(t)
(
− ρ¨
1 + ρ˙2
ρn−1 + (n− 1)ρn−2
)
dx1 .
The second term being positive, that means that the first is negative, and given the bounds on the
radius we find ∫ b(t)
a(t)
(
− ρ¨
1 + ρ˙2
)
dx1 =
∫ b(t)
a(t)
(
− d
dx1
(arctan ρ˙)
)
dx1 < 0 .
This results in arctan ρ˙(a(t)) < arctan ρ˙(b(t)) and by the choice of a(t), −pi4 < arctan ρ˙(b(t)).
However, this is not possible in C
√
2
t , where −pi2 ≤ arctan ρ˙ < −pi4 , contradicting our assumption
and therefore H(x0(t)) ≥ 0. 
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6. CURVATURE ESTIMATES
Proposition 6.1. There is a constant c2 depending only on the initial hypersurface, such that kp <
c2, independent of time.
Proof. We calculate from Lemma 5.1
d
dt
(
k
p
)
= ∆
k
p
+
2
p
∇ip∇i
(
k
p
)
+ 2
q2
p2
(p− k) ((n− 1)p + k) + hk
p
(p− k) .
If kp ≥ 1 then hkp (p− k) < 0. This implies that
(6.1) k
p
≤ max
(
1,max
M0
k
p
)
.
Note that for this consideration, the smooth function k/p is defined over the whole surface, and in
view of the orthogonality on the boundary, via a reflection argument there are no boundary data
involved. 
Proposition 6.2. There exists a constant c3 such that
|A|2 ≤ c3.
Proof. We proceed as in [6] and [2] and calculate the evolution equation for the product g =
|A|2ϕ(v2) in R
√
2
t , where ϕ(r) = rλ−µr , with some constants λ, µ > 0 and v = 〈ν, ω〉−1. From
the evolution equation of g we find the inequality(
d
dt
−∆
)
g ≤ −2µg2−2λϕv−3∇v ·∇g− 2λµ
(λ− µv2)2 |∇v|
2g−2hCϕ(v2)+ 2(n− 1)
u2
v2ϕ′|A|2 .
We estimate the second last term as in [2] using Young’s inequality and obtain
−2hCϕ(v2) ≤ 2h|A|3ϕ(v2)
≤ 3
2
|A|4ϕ(v2) + 1
2
h4ϕ−2(v2)
=
3
2
g2 +
1
2
h4ϕ−2(v2) .
We choose µ > 34 and λ > µmax v
2
. As ϕ′v2 = λ
(λ−µv2)2ϕ we have
2(n− 1)
u2
v2ϕ′|A|2 = 2(n − 1)λ
u2(λ− µv2)g .
As u > c
(
1√
2
)
= c0 in R
√
2
t we get
2(n − 1)λ
u2(λ− µv2)g ≤ c4g .
Therefore we have (
d
dt
−∆
)
g ≤ −c5g2 + c6g − c7∇v · ∇g + c8(h,max v)
≤ −c5
(
g − c6
2c5
)2
− c7∇v · ∇g + c9 .
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When g > c62c5 +
√
c9
c5
we get the right hand side to be negative. On ∂R
√
2
t we have H = k + (n−
1)p ≥ 0 by Lemma 5.4 and also as kp < c2 we get |k|p < c on the boundary point. Here we have
|A|2 = k2 + (n− 1)p2 ≤ (c2 + n− 1)p2 ≤ Cρ−2 ≤ Cc−20 .
From the maximum principle
g ≤ max
(
max
R
√
2
0
g,max
∂R
√
2
t
|A|2ϕ(v2)
)
.
As ϕ(v2) is bounded as v is bounded we have a bound for g in R
√
2
t . If we calculate the evolution
equation for g˜ = |A|2ϕ(v˜2) on C
√
2
t then we get the same evolution equation without the last term
on the righthand side. Thereby we get a bound for g˜ in the same way as above. 
Proposition 6.3. For each m ≥ 1 there is Cm such that
|∇mA|2 ≤ Cm ,
uniformly on Mt for 0 ≤ t ≤ Tmax ≤ ∞.
Proof. Having obtained uniform bounds on |A|2 and h the proof is a repetition of that of Theorem
4.1 in [7]. 
Thus we have long-time existence for the flow.
Corollary 6.4.
Tmax =∞ .
7. CONVERGENCE TO SURFACES OF CONSTANT MEAN CURVATURE
This is as in [2]: Having long-time existence, Proposition 8 of [2] gives convergence to a con-
stant mean curvature surface, which in our case is axially symmetric. By the classification of the
Delaunay surfaces [4] it has to be a half-sphere.
8. OTHER CONVERGENCE RESULTS
Using the same estimates with very few changes one can show that a compact, axially symmetric
surface without boundary, which encloses a volume V and intersects the axis only at two endpoints
throughout the flow, will converge to a sphere. We will only explain the parts that are different from
the previous result.
8.1. Height Estimates. The height estimates 3.1 and 3.2 change as follows.
Lemma 8.1. The height function u satisfies u < R =
( |M0|
2ωn
) 1
n
.
Proof. Assume there exists an R such that uMt ≥ R at some given time t. Take a plane perpendic-
ular to the x1-axis and intersecting the surface. This plane divides the surface into two parts, and
by projecting both parts onto the plane we find
|M0| ≥ |Mt| > 2ωnRn .
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Taking
R >
( |M0|
2ωn
) 1
n
would contradict the fact that the evolution decreases the surface area. 
Lemma 8.2. Let e(t) and d(t) denote the two tips of the surface on the left hand and right hand
side respectively. Then d(t)− e(t) < l = |M0|
nωnc
n−1
0
+ 2R.
Proof. As in Lemma 3.2 let α = 1cos θ . From the Assumption 2.1 we know that u > c(α) in Rαt .
As u |
∂Cα,it
≤ R and |ρ˙| ≥ tan (pi2 − θ) in Cα,it for i = {1, 2} , we have
d(t) − u˜ |
∂Cα,1t
≤ R tan θ = R
√
α2 − 1 , and
u˜ |∂Cα,2t −e(t) ≤ R tan θ = R
√
α2 − 1 .
Assume there exists a length l1 such that u˜ | Rαt > l1. Then by the previous argument again we can
say
|M0| ≥ |Mt| > nωncn−1(α)l1 ,
where now we compared |Mt| to the surface area of an n dimensional cylinder of radius c(α) and
length l1. If l1 > |M0|nωncn−1(α) this would contradict the fact that the evolution decreases the surface
area. Therefore
u˜ <
|M0|
nωnc
n−1
0
+ 2R
√
α2 − 1 .

Lemma 8.3. Assume Mt to be a smooth, rotationally symmetric hypersurface, with a radius func-
tion ρ(x1, t) > 0 for x1 ∈ (e(t), d(t)). Then there exists a constant c∗, such that∫ d(t)
0
√
1 + ρ′2 dx1 ≤ c∗ ,
independent of time.
Proof. The proof is the same as in Lemma 3.3 after taking into account the two caps on either side.
Here we would have ∫ d(t)
e(t)
√
1 + ρ′2 dx1 ≤ |M0|
2picn−1(α)
+ 2l + 2R =: c∗ .

Lemma 8.4. (Estimates on h) Assume Mt to be a smooth, rotationally symmetric hypersurface,
with a radius function ρ(x1, t) > 0 for x1 ∈ (e(t), d(t)). Then there is a constant c1 such that
0 ≤ h(t) ≤ c1 throughout the flow.
Proof. The only change to the proof of Lemma 4.1 would be in the boundary values 4.1. Here the
new boundary values would be
(arctan ρ˙)ρn−1 |x1=a(t) −(arctan ρ˙)ρn−1 |x1=b(t)
As ρ(a(t)) = ρ(b(t)) = 0, the boundary terms dissapear and we get the same estimate for h. 
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Lemma 8.5. (Gradient estimates) The gradient estimate
|v˜| ≤ α
holds on the caps Cα,it , i = 1, 2. In addition there is a constant c, such that
v ≤ c
for the cylindrical part Rαt .
Proof. The gradient estimates are as in Lemma 5.2, but in this setting instead of one cap Cαt we
have two caps on either side, and the same estimate would suffice for both caps. 
Concluding this section, we remark that H ≥ 0 at points where the caps C
√
2,i
t , i = 1, 2,
meet the cylindrical part R
√
2
t of the surface. The proof is using the same arguments as the one
for Lemma 5.4 after the appropriate adjustments of the sign of arctan ρ˙ for cap on the left of the
surface. The results on curvature estimates and the convergence to a limiting surface of constant
mean curvature follow along the same lines as previously proved. In this case the limit surface is a
sphere.
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